UM104 - Calculus
Unit-I
Aim:
To construct strong knowledge in Calculus and its application in real time

Objectives:

1. To Understand the various concepts of Differential Calculus

2. Use the derivatives to find maxima and minima of a functions involving two and three
variables

3. Apply differentiation to find envelope, curvature and pedal equation of a curve.

4. Study in detail the topic on reduction formulae and Bernoulli’s formula.

QOutcomes:

1. Apply the definition of a Partial derivative of a function to differentiate a given
function.

2. Understand the Maxima and Minima of functions of 2 and 3 independent variables

3. Use Reduction formula and Bernoulli’s formula techniques to Evaluate integral
values

Prerequisites:

Students should have a strong foundation in algebra and pre-calculus

Websites For Learning All About Calculus:

Calculus-help.com
Calculus Made Easier
Calculus Reference

Calculus.org

CalculusQuest
Dan the Tutor

e-Calculus

Graphics for the Calculus Classroom
The History Of Calculus

S.0.S. Math - Calculus

Visual Calculus
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Partial differentiation

Introduction
Earlier we had studied the differentiation of one function of one variable. We shall
now consider the differentiation of function of two or more independent variable with respect

to an independent variable.
Let f(x,y) be the function of two variable x and y. Suppose we let only x vary while
keeping y fixed say y=k, where k is a constant. The partial derivative of f with respect to x

and denoted by i.
dx

of . f h,y)—f(x,
% (1)~ [ U=

Similarly we can define the partial derivative of f(x,y) with respect to y

of . f(xy+k) = F(x,
E(X'y)zlk'm (xy+z (x,y)

Higher derivatives

If f is a function of two variables then its partial derivatives fy, and f, are function of
f, and f which are called

two variables. So that we consider their partial derivatives f,, f
second order partial derivatives If z=f(x,y), we use the following notations

a ox) o ox

XX,
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y. whereas, in computing f, the order is reversed.



Homogenous Function

A function of f(x,y) of two independent variables x and y is said to be Homogenous
function in x and y of degree n if f(tx,ty) =t"f(x,y) for any positive quantity t where t is
independent of x and y

Example
suppose
X3+ 3
F(x,y) =
X+Yy
3 3 3
f(txty) = YD)
t(x+y)
=t*f(x,Y)

f(x,y) is a homogenous function of degree 2 in x and y
Euler’s Theorem on homogenous functions

If f is a homogenous function of degree n in x and y then

of of
X—+—=nf

oX oy
Example
If u=(x-y)(y-z)(z-x) show that o + o + o =0

OX 0z

Solution
Given

u=(x-y)(y-2)(zx)

& (y-1z-0- (- )y-2)

X

& (2= 0)(x-y) 20y -2)
y

& (= y-2) - (x-y)(z-¥
VA

Adding 24, N _

—=0
oX oy oz



Example

2 2 2 2
If r?>=x*+y? then show that 5_2+ﬂ_1{(ﬂj +(QJ ]
OX

2

ri{\ ox oy
Solution
r’=x*+y?
2rﬂ:2x
OX
(ﬂ]_z
OX r
or
rl—-x—
o°r _ ox
Ox? r
X2
r_i
_ r
-
r2 _x2
similarly
or ri-y?
adding
o’r 0r rP—x"+r’-y?
—+ =
aXZ ayZ r3
2r’ — (x> +y?)
1
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From (1) and (2) Z_)Z(ZJrgy_zz_%K%j —{%J ]

youtube link:
https://www.youtube.com/watch?v=6tQTRIbkbc8

https://www.youtube.com/watch?v=8ZAucbZscNA
https://www.youtube.com/watch?v=AXghWeUEtQU

Assignment
2 2
1. If z=¢e"(xcosy—ysiny), show that a—§+a—§:0
ox® oy

2. Ifu=x*(y-2)+y*(z—x)+z°(x—Yy), show that 8_u+8_u+8_uzo

OX oy oz

3. Ifu=(x=-y)'+(y-2)*+(z-x)*, show that 6_u+8_u+6_u=0

X oy oz



Total differentials

Suppose z=f(x,y) is a differential function of x and y where x =g(t) and y=h(t) are
both differential of t. then z is a differential function of t and total differential coefficient of z
is given by
dz _oz dx oz dy

dt ox dt oy dt
In general if u is a function of xq, X2, X3, ..... xn and each x; is a function of n variable

ty, o, t3, ... th and if 3—: (i=1,2,3,...n) exist then

— —.— 1=123,....
ox, dt

dt.  ox dt, ox, dt,
Example 1:
2 2 3 > —., dz
If z=x"+y°, x=t°, y=1+t° Find a

Solution
dz _oz dx oz dy

dt ox dt oy dt
=2x.3t% +2y.2t
= 6t° + 4(L+t2)t

= 6t° + 4t° + 4t



Example 2:

If u=xJ1+y?, x=te®, y=e" Flnd(;—i

Solution
du _ou dx ou dy

dt ox dt oy dt
=J1+Vy? (e2t+2te2t)+F( e™")

@+ y?)(E* +2te*) —xye™

JL+y?

_@+e ) (e +2te™) -t

el 2te” + 2t -t

Jl+e™

_ e?' (1+2t) + (1-t)

Example 3:
If u=x*+y*+2% x=e', y=e'sint and z=e'cost Find 3—?

Solution
du ou dx au dy ou dz

dt  ox dt 8y dt 82 dt
=2xe" +2y(e'sint +e' cost) +2z(e' cost —e' sint)
= 2e'[x+ y(sint+cost) +z(cost —sint)]
:2et[e‘+etsin2t+etsintcost+e‘coszt—e‘sintcost]
=2¢' [et +e'(sin®t +cos? t)]
=2e".2¢'
= 4¢*



Example 4:

Find 3—? if u=x%"z" where x=t*, y=t>, z=t"

Solution
du_oudx oudy ou dz
dt ox dt oy dt oz dt
=3x%y*z%.2t + Ax3y®72 3t + 2x%y 2. 4t°
= 3t*t"t%.2t + 4t°%°t°.3t% + 2%t " 4t°
= 6t% +12t% +8t*
= 26t*
youtube link

https://www.youtube.com/watch?v=iN3 5g0A u8

https://www.youtube.com/watch?v=reqif6yP6pQ

https://www.youtube.com/watch?v=41ilxeFfufA

Assignment

1. If u=xy+3xy* where x=e', y=sint Find 3—i
2. Find d—i 7 =6x°—3xy+2y® where x=e', y=cost

3. Find 3—? u=xy’z® where x=sint, y=cost, z=1+¢€*



JACOBIANS

If u,v are function of two variable x and y then the Jacobian is defined by the
determinant

a o
)y _|ox oy
o(xy) |ov ov
ox oy

If u,v,w are function of three variable x,y and z then the Jacobian is defined by the
determinant

ou ou ou
x oy oz
_o(u,v,w) |ov ov oV
_8(x,y,z)_& 5 oz
OW Ow Ow
x oy o
Example 1
If u:y—z, V:XZer2 find ou,v)
2X 2X o(x,y)
Solution

ou - au
j_ o) _|ox oy
o(x,y) |ov ov

Y




Example 2

If x=rcos¢ y=rsing find ax.y)
o(r,0)
Solution
OX OX
_axy) _|or 00
or,0) |oy ov
or 06
_|cos@ -rsind
“|sin@  rcosé
=r(cos’ & +sin’ 9)
=r
Example 3
it u=l vX and wexsyezy? fing Q@YW
x Y (.Y, 2)
Solution
ou ou au
ox 5 oz
_o(u,v,w) v v ov
Caxy.2) |x oy @
OW OW Ow
x oy a
—% 0 0
y y
1 1+2zy y?
_ Xzyzj
X2y2
=1
Example 4
If X+y+z=u, y+z=uv, z=uvw prove that —é(x,y,z):uz
o(u,v,w)

Solution



X+y+z=uU

X=u—(y+2)
=u—uv
=u(@l-v)

y+z=uv

y=uv-z
=Uuv—Uuvw

Z=uvw

o))
X

OX

ou
o(x,y,z) _|%
o(u,v,w) BET
0z

ou
1-v
=V—-VW U—-UW -—UV

2lv2le 2l
2lr 2le 2|

|
c
o

VW uw  uv
1-v. -u O
=lv u OlR+R;
VW uw  uv

=uv[u@-v)+uv]

=u’v

youtube link
https://www.youtube.com/watch?v=CbJDIMgTZdU

https://www.youtube.com/watch?v=Y IpTkYjUbb8

Assignment
1. If x+y=u y=uv find a(x.y)
o(u,v)
2. If u+v=x and u-v=y find a(U,V)
o(x,y)
3. u=x, v=x+y, w=x+y+z find o(u,v,w)
o(x,Y,12)
4. U=£, V=z, W=ﬁ thenshowthatM=

X y z 8(X, Y, Z)



Maxima and Minima of functions of 2 and 3 independent variables

The first and second derivatives of a function of one variable can be used to derivative
its maxima and minima. Similarly the first order and second order partial derivatives can be
used to determine maxima and minima of a function of two variables.

Let f(x,y)be any function of two variables x and y, supposed to be continuous for all
values of these variable in the neighbourhood of their values a and b respectively.

We say that f(x,y) has a maximum value at f(a,b), if f(a,b)> (a+h, b+k)

For all sufficiently small independent values of h and k, positive or negative. On the other
hand f(a,b) is said to be a minimum value of f(x,y), if f(a,b)< (a+h, b+Kk) for all
sufficiently small independent values of h and k, positive or negative.

Theorem

The necessary conditions for the existence of a maxima and minima of f(x,y) at x=a and y=b
are fx(a,b)=0 and fy(a,b)=0 where fx(a,b) and fy(a,b) respectively denotes the values of

a and a at x=a and y=b
OX oy

Note

The above conditions are necessary but not sufficient for the existence of a maxima and minima of
f(x,y) at (a,b). such points (a,b) for which fx(a,b)=0 and fy(a,b)=0 are known as critical points or
stationary points.

Theorem
Let fy(a,b)=0 and fy(a,b)=0
Let r=fw(a,b)=0 ,s= fyx(a,b)=0 and t=fyy(a,b)
Then (i) if (rt-s?)>0 and r>0, f(x,y) is minimum at (a,b)
(i) if (rt-s?)>0 and r,0, f(x,y) is maxnimum at (a,b)
(i) if (rt-s)<0 f(x,y) is neither maximum nor minimum at (a,b)

And (iv) if (rt-s?)=0 the case is doubtful.



Example

Find the maximum and minimum values of f(x,y)=2(x*-y?)—x*+y*
Solution

f(x,y)=2(x*-y*)-x*+y*

2
i:4x—4x3; r=2 Z =4-12x°
OX X

2
ﬂ:—4y+4y3; tzaf—zz—4+12y2
oy oy

2
S= of =0
OXoy

For maximum or minimum values

i:0 and q:O
OX oy

4Ax(1-x*)=0 and —4y(1-y*)=0
x=0, xx1 and y=0,y=+1

The points for maxima or minima are (0,0), (0,1), (0,-1), (1,0), (-1,0), (1,1), (-1,-1).
At (0,0) ,(1,1), (-1,-1), rt-s><0 and therefore these points are saddle points.
At (0,1) and (0,-1), rt-s>>0 and r >0
The function is minimum at (0,1) and (0,-1)
The minimum value = -1
At (1,0) and (-1,0), rt-s>>0 and r<0
The function is maximum at (1,0) and (-1,0)

The maximum value =1



Methods of Lagrange’s Multipliers

Example 1

Find the maxima and minima if any of the functions
f(x,y) =12xy —3y* —x* subject to x+y =16

Solution

f(x,y)=12xy -3y — x*
g(x,y)=x+y-16
consider
F(x,y,24)=f(x y)-49(x.y)

=12xy —3y* — x> = A(x+ y —16)
&* =12y -2x—-A
OX

ﬁ:12x—6y—/1
oy

oF
—=—(x+y-16
) (x+y-16)

solve
F_,
OX oy
=2X+12y—-A=0 . @
12X—6y—A1=0 e (2)
—(X+y=16)=0 e 3)
(2)-(1) = 14x-18y =0
7x-9y =0
TX+7y=112
16y =112
y=7
when y=7, x=9
~.(9,7) isanexteremum point
f(9,7)=12(63) —3(49) -81
=528

6_F=0 and a—F:O
oA

(0,16) is a point satisfying the constraint
X+y=16

f(0,16)= -3(256)= -768

f(9,7)>f(0,16)



the function f(x,y) is a maximum at (9,7) and the maximum value is 528
Example 2
A rectangular box without a lid is to be made from 12m® of cardboard. Find the
volume of such a box.
Solution
Let x,y,z be the dimensions of the box and g(x,y,z) =12
V=xyz
Consider the function

F(X, Y, Z) =V (X, Y, Z) —ﬂg(X, Y, Z)
= Xyz — A(Xy +2yz+2zx—-12)

oF _ yz—A(y +22)
OX

ﬁ: X — A(x+22)

o =Xy —A(2y +2X)
0z

oF
—=—(Xy+2yz+22x-12
o (xy+2y )

F_, F_, F_ F_g
OX oy 0z oA
VZ=A(Y+22) o @
IX=A(X+22) coevieiiieinnnn, (2)

XY =A(2X+2Y) o (3)
XY +2YZ+22X=12 ...ccceven. (4)
Multiply (1) by x, (2) by y, (3)byz
XYZ = A(XY 4+ 2XZ) vririennen, (5)
XYZ = A(XY +2YZ) oo, (6)
XYZ = A(2XZ+2YZ) oo @)
we can easily note that A =0 for A=0
Xx=y=z=0
from (5) and (6)
Xy +2XZ =2yzZ + Xy
x=y (since z=0)
from (6) and (7) we get y =2z
X=y=22
from (4) 4z%+42%* +47* =12
127° =12
7’ =1



Since x,y,z are positive and z=1 we get x=2, y=2

The maximum volume is 2(2)(1)=4m?

Assignment

(i) find the maxima and minima of the function f(x,y)=3x*+4y’ —xy if 2x+y=21
(ii) find the extreme values of the function f(x,y)=x*+y onthecircle x> +y* =1

(iii) Using Lagrange’s multipliers method find the maximum and minimum values of

f(x,y)=x*—y® subject to x* +y* =1

youtube link
https://www.youtube.com/watch?v=GoyeNUaSW08

https://www.youtube.com/watch?v=N CyeSaqaYs4

https://www.youtube.com/watch?v=vD2pflgcA6w




Unit 2

Curvature The rate of bending of a curve in any interval is called the curvature of the curve in that interval
Curvature of a circle The curvature of a circle at any point on it equals the reciprocal of its radius.

Radius of curvature The radius of curvature of a curve at any point on it is defined as the reciprocal of the

curvature

Cartesian form of radius of curvature  p =

. . . x12+y12 3/,
Parametric equation of radius of curvature p= (,,+)
x'y''=yrxn

_ (r2+r12)3/2

Implicit form of radius of curvature p (e R—

Centre of curvature

The circle which touches the curve at P and whose radius is equal to the radius of curvature and its centre is

known as centre of curvature.

Equation of circle of curvature (x — x)? + (y — y)? = p?

Centre of curvature x = x — % 1+y?) & y=y+ yi (1 +vy?)
2 2

Envelope A curve which touches each member of a family of curves is called envelope of that family

curves.

Envelope of a family of curves ~ The locus of the ultimate points of intersection of consecutive members of

a family of curve is called the envelope of the family of curves.



Property:1 The normal at any point of a curve is a tangent to its evolute touching at the corresponding centre

of curvature.

Property:2 The difference between the radii of curvature at two points of a curve is equal to the length of the

arc of the evolute between the two corresponding points.

Property:3 The envelope of a family of curves touches at each of its point. The corresponding member of
that family.

Evolute as the envelope of normals The normals to a curve form a family of straight lines.we know that the
envelope of the family of these normals is the locus of the ultimate points of intersection of consecutive
normals.but the centre of curvature of a curve is also the point of consecutive normals.hence the envelope of
the normals and the locus of the centres of curvature are the same that is ,the evolute of a curve is the

envelope of the normals of the curve

1. Find the radius of curvature of y=e* at x=0
233/
Ans: p = &2
Y2
y=e*
y1=e* atx=0y;=1
yo=e* at x=0y,=1
243/ 3/
b (1+1) 2 02
Y2
2. Find the radius of curvature of at x = g on the curve y = 4 sin X — sin 2x
243/,
Ans: p = —(“1’11) ?
2

y1=4 COSX — 2 C0S 2X at X= ;=2
Y2=4sinx+ sin2x atx= g Yo=-4

_a+ydz _ b= a+9’2 _5v5

Y2 -4 2




3. Given the coordinates of the centre of curvature of the curve is given as ¥ = 2a +3at’* y = -2at®

Determine the evolute of the curve
. = 2 2 /X —
Ans: ¥ = 2a +3at R 1
y = -2at’ Ry ), S— 2
(¥ =24/, )= (5/-2a)’
4( x-28)°=27ay"

The locus of the centre of curvature (evolute) is 4(x-2a)*=27ay”

4. Write the envelope of Am?+Bm+C=0, where m is the parameter and A,B and C are functions of
xandy.
Solution: Given AM*Bm+C=0........................ (1)

Differentiate (1) partially w.r.t. ‘m’
2AM+B=0  mM=-B2A............. 2)
Substitute (2) in (1) we get
A(-B/2A)*+B(-B/2A)+C=0
AB?/4A*-B?[2A+C=0
AB’-2AB*+4A*C=0
- AB*+4A’C=0
Therefore B?-4AC=0 which is the required envelope.

5. Find the radius of curvature at any point of the curve y=x.

/2
Solution: Radius of curvature p = —(Hil)
2

; _y2 _ay _
Given y=x yi= =2X

d?y
Y,=—==2
27 dxz



_ (1+(2x)2)3/2
2

_(1+4x2)3/2
T2

6. Find the envelope of the family of straight lines x sin & +y cos « = p,x being the parameter.

Solution: Given xsin @ +y COS X =p................ (1)
Differentiate (1) partially w.r.t. ‘o

X COSH-YSINX=0....cc0cvverinnannnnn. (2)

Eliminate oc between (1) and (2)

X €os =y sin

sin< __ x

COS « _y
X

Tanow ==
y

Sin oc= —=— ¢os x= —=

Substitute in (1)

X y
. +y. =
X [xZ+y2 y [xZ+y2 P

Vat+yi=p
Squaring on both sides, x* +y?=p? which is the required envelope

7. What is the curvature of x> +y* - 4x-6y+10=0 at any point on it .
Solution: Given x? +y? - 4x-6y+10=0

The given equation is of the form x? +y? +2gx+2fy+c =0



Here 29 =-4 g=-2

2f =-6 f=-3

Centre C(2,3), radiusr =,/g2 + f2 — ¢
r=vV4+9—-10

=V3

. 1
Curvature of the circle = -

There fore Curvature of x? +y? - 4x-6y+10=0 is %

8. Find the envelope of the family of straight lines y= mx+vm? — 1, where m is the parameter
Solution: Given y= mx+vm? — 1
(y-mx)*=m?*-1
Y2+m?x? — 2mxy-m?+1=0
m? (x-1)-2mxy+y?*+1=0 which is quadratic in ‘m’
Here,A=x?-1 B=-2xy C=y’+1
The condition is B-4AC=0
4 x2y*-4(x-1)(y*+1)=0
4 X2P-4 XAP-AXP+AyP+4=0
X2-y?=4 which is the required envelope
9. Find the curvature of the curve 2x? +2y? +5x-2y+1=0
Solution: Given 2x? +2y? +5x-2y+1=0

+2 X2 +y? +5/2x-y+1/2=0



Here 29 =5/2 g=5/4

2f=-1 f=-1/2 centre C (-5/4,1/2) radius r=,/g?> + f2 —c

_ |25

1 1
16 4 2

_ [21_v21

16 4

Therefore Curvature of the circle 2x* +2y” +5x-2y+1=0 is% = \/%_1

10. Define the curvature of a plane curve and what the curvature of a straight line.
Solution: The rate at which the plane curve has turned at a point (rate of bending of a curve is called the
curvature of a curve. The curvature of a straight line is zero.
Solution: Given X? +y?- 6x+4y+6=0
The given equation is of the form x? +y? +2gx+2fy+c =0
Here 29 =-6 g=-3

2f =4 =2

Centre C(3,-2), radius r =/g? + f?2 — ¢



Radius of Curvature of the circle = radius of the circle=v/7
11. Find the envelope of the family of circles (x-)?+y*=4 ., where . is the parameter.
Solution: Given (x-u)*+y*=4ux
X2-200x+0c-4oc+y?=0
oc-206(x+2)+x?+y*=0 which is quadratic in o
The condition is B-4AC=0
Here A=1 B=-2 (x+2) C= x*+y?
A(x+2)%-4(x*+y?)=0
X2-4x+4- x2-y*=0

y?+4x=4 which is the required envelope.

12. Find the envelope of the family of straight lines y=mx+% for different values of ‘m’.
Solution: Given y:mx+%
m?x-my+a=0 which is quadratic in ‘m’
The condition is B-4AC=0
Here A=x B=-y C=a

Y2-4ax=0



There fore y?=4ax which is the required envelope.
13. Find the envelope of the line §+yt=2c,where ‘t’ is the parameter.
Solution: Given §+yt:2c
Yt?-2ct+x=0 which is quadratic in ‘t’
The condition is B-4AC=0
Here A=y B=-2c C=x
C?-xy=0
There fore xy=c? which is the required envelope.

14. Find the radius of curvature of the curve y=c cosh(x/c)at the point where it crosses the y-axis.

2%/
Solution: Radius of curvature p = —(”i’/l)
2

Given y=c cosh(x/c) and the curve crosses the y-axis. (i.e.)x=0 implies y=c.

Therefore the point of intersection is (0,c)
2=¢ cos h(x/c)(1/c)=cos h (x/c)

dy — —

a(o,c)—cos 0=1

d?y_

—52-C0S h(x/c)(1/c)

2
22(0,0)=1/c

3
/
p= Do

15. Find the radius of curvature of the curve xy=c?at (c,c).



2\%/2
Solution: Radius of curvature p = (v

Y2

Given xy=c?
dy d
dx dx
d . d
2= implies 2(c,c)=-1
dx x dx

d
azy_ [xZ-va
dx? x2

dz—y(C,C): :_[c(—l)—c] _ 2 _2

c? c? c

_+ D222
T T

p=cv2

Find the radius of curvature at the point (acos36, asin38) on the curve /3 + y2/3 = a’/s.

Solution:  Given x=acos30........................ (1)

Differentiate (1) and (2) w.r.t 6

Z—Z = 3acos?6(—sinf) = —3a sinfcos?0

% = 3asin?6(cosh) = 3acosHsin?6



dy /d

dy 9 3acosbsin?0
dx dx/ _ —3asinfcos?0 ~tanb
/dH

dy_d (d—y) = % (—tang).Z

dx? dx \dx dx
— 2 1

=-sec’0. —3a sinb cos20

d?y_ 1

dx2 3asin 0 cos*6

(@)

dzy
dx?2

Radius of curvature p =

2 3/2
:m = 3asin Ocos*0 (sec?0)’/2

3asinfcos*6

=3asinfcos*Osec30 = 3asinbcosh

p = 3asinfcosO

Find the radius of curvature of the curve y2 = x2 ™ 5¢ the point (-a,0).

(a—x)

Solution: Radius of curvature p =

. 2 _ oa(a+x) _ ax?+x3
Given y* =x G~ ax

Differentiate w.r.t. ‘x’

d_y — (a—x)(Zax+3x2)—(ax2+x3)(_1)
ydx - (a_x)z

dy (a—=x)(2ax +3x?) — (ax® + x*)(=1)
dx 2y(a —x)?
2a(—2a? + 3a?) + (a® — a3®)

dy
&(—a, 0) = 0 = 00




(&))"

T
dy?
dx y(a —x)? B 0 — o
dy (a?x +ax?—x3) (a?x +ax?—x3)
d2y (@Px+ax? —x*) [y.Z(a—x) (—Z;) + (a — x)2. 1] y(a — x)z[ d—;+2 x%—sz Z;
dy? (a%x + ax? — x3)?2
dzx( )= (-a®+a®+a®)(4a®) 4a° 4
a2 " T T Cl+ B +a®? a® a
3/
_{1+0}72 a
I
a

Find the radius of curvature at the point (a,0)on the curve xyz = g3 — x3,

2,%/2

@]

Solution: Radius of curvature p =

a’y
dx?
Given xy? = a3 — x3
Differentiate w.r.t.”x’
oxyZay? =3 W -3 (1)
Y ™ rrran TR

(@) ]
d2x
dy?

Therefore p =

dx _ 2xy
dy - TaxZ_yz (1)

2a.0
-3a2-0

—( ,0) =



Differentiate (2) w.r.t.’y’.

a?x 2[(—3x2—yz)(x.1+y.g—;)—xy(—6xs—;—2y)]
ayz (-3x2-y2)2

d*x _ 2[(=3a*-0)(a+0)-0] _ -6a® _ -2
dy? (a’ 0) = (-3a2-0)2 " 9a*  3a
32

{1+(2—$)2} _a+of

Therefore radius of curvature p = Y
-— 3a
dy?

p= %a (since the radius of curvature is non-negative)
Find the curvature of the parabola y>=4x at the vertex.

dy 2 3/2

{“(a) }
dZy
dx?

Solution: Radius of curvature p =

Given; y?=4x

Differentiate w.r.t.”x’

d
2y=2=4
dy _
™ =2ly
dy 2
3
dx\? /2
1+(==
Therefore p = %
W
d
=t (D)
dx
@(0,0) =0

Differentiate (1) w.r.t.’y’.

-3

=—a

2



d*x 1

dy? 2

_ a+0yz_
Therefore p = 0z -
Curvature K=1/ p =1/2

Find the radius of curvature of the curve 27ay?= 4x° at the point where the tangent of the curve

makes an angle 45° with the X- axis.

Solution; Let (x1,y1) be the point on the curve at which the tangent makes an angle 45° with the X- axis.

Z(X1,y1) ZTaN 45 rmrormrcrmaeo e (1)
Given 27ay’= 4x°

Differentiate w.r.t.”x’

d dy 2x?
54ayd—z:12x2 ézﬁ
dy _dy_ 2x?
dx(xl’yl) “dx 9ay (2)

ay - o_q_ 2x1
dx(xl,yl) =Tan 45"=1= 2ay.

2
1

Gives y; = Sbnemeemeenees S—C\

As ( x1,y1) lies on the curve 27ay?= 4x®) ——-----mmmemmmmmemmmenev —--(4)
2

Using y; = % gives x;= 3a

And using (3) gives y;=2a

Y at (3a,2a)=1

_ 2 [y2x—x%y,
Yom o [P
a y



2 [2.3a.2a-9a%.1
Y= —|[—————

9a 4q?

]=1/6a

- a+yd)’lz _ a+n’l
Therefore radius of curvature p = P
2 6a

p =12aV2



Find the equation of the envelope of ﬁ + % = 1 where a? + b? = ¢2.

Solution: Giventhat =+ 2 =1..................... (1)
a b

And a?+b%=c?................. ()

Differentiate (1)and(2) w.r.t ‘b’

-xda y
;E - ﬁ = 0 .................... (3)
2824 0b=0. oo (4)
db
. da _  a’y
(3)gives ™ Py puSIRIRRRRRPPee (5)
(4)givesie = =2 6
gIVES = —.. (6)
_ _ %y
From (5)and (6) — = e
Xy _Ha_Yhh_ % _ 1
a3~ b3 a2z b2 a2+b%z 2
x y
- E™MpETa

a=(xc?)"/3 and b = (ycz)l/B
Substitute in (2) we get, (xc2)73 + (yc2)*/3 = ¢?
Therefore  x°/3 +y°/3 = ¢*/3 which is the required envelope.
Find the equation of circle of curvature of the parabola y2=12x at the point (3,6).
Solution: The equation of circle of curvature is (x — X)? + (y — ¥)? = p?

Where, ¥ = x — i’/—l(l + y2)
2



V=y+—-(+y}
Y2

_a+ydh
P Y2

Given y?=12x
Differentiate w.r.t.”’x’ we get

ZyZ—zzlz implies Z—z = S

dy d’y _ -6 dy
Y1=—(3,6)=1 — == =
1 dx( ! ) dx?2  y2 dx

Y,=22(3,6)=-1/6

_a+yp’h_a+n

p = 122 (p can not be negative)

=3——-(1+1) =15
/e
1 1
y=y+—QQ+y)=6+—-10+1)=-6
V2 /6

Therefore,the equation of circle of curvature is (x — 15)? + (y + 6)? = 288

Find the radius of curvature at ‘t’ on x=e'cost,y=e'sint.

. . 219293/
Solution: Radius of curvature p = &) 2
x!y! —yrxin

Given x = etcost,y = elsint



d - :
X’zd—’: = elcost — elsint = et(cost — sint)
d . ;
Y,:Fji = elcost + elsint = e'(cost + sint)

dZ ; . .
X”:a_tf = e'(—sint — cost) + e'(cost — sint) = —2e’sint

dZ ; .
”:d_tjzl = e(—sint + cost) + e‘(cost + sint) = 2e‘cost

. . x12+y12)°/2
=.. The radius of curvature is p = %
x'y"—yrxnr

B ([et(cost — sint)]? + [et (cost + sint)]?) /2
p= et(cost — sint). 2etcost — et(cost + sint). (—2etsint)

, , . . 3 3
_(e?t[cos?t+sin?t—2sintcost+cos?t+sin?t+2sintcost]) /2 _ (2e2Y) /2 = /Zet

2e2t[cos?t—sintcost+sintcost+sin?t] 2e2t

- p =\/§€t.



Find the envelope of §+ % = 1 where | and m are connected by é +% = 1 and a,b are constants.

Differentiating (1) w.r.t.’ m’

=L W )
Differentiating (2) w.r.t.’m’
tat 1_
adm b
= (4)
From (3) and (4)
—yl? _—a by ax

% = 1,‘1‘_;‘ =1 = m = ,/by,l = vax substitute in equation (2) ,



= \/% + \/% = 1 which is the required envelope.

Find the points on the parabola ¥ = 4x at which the radius of curvature is 4 /2.
Solution: Given y2 =4x................ (1)

Let, P (a,b) be the point on the curve y? = 4x at where p = 4+/2

(1+y»)72
p=—T "

Y2
Differentiate (1) w.r.t. ‘x’
Y1=2y%=4:%=§
Vet =22
@D =g

_a+ype @ty
T &

42
3
/.

But,b2=4a:%=4\/§

8(1+a)2=16vZ > (1+a)? =23

atl=2=a=1,b’=4=>b =12

~The points are (1,2),(1,-2)
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