
UM104 – Calculus 

Unit-I 

Aim: 

To construct strong knowledge in Calculus and its application in real time 

Objectives: 

1. To Understand the  various concepts of  Differential Calculus  

2.    Use the derivatives to find maxima and minima of a functions involving two and three      

variables 

3.    Apply differentiation to find envelope, curvature and pedal equation of a curve.  

4.    Study in detail the topic on reduction formulae and Bernoulli’s formula. 

Outcomes: 

1. Apply the definition of a Partial derivative of a function to differentiate a given 

function. 

2. Understand the  Maxima and Minima of functions of 2 and 3 independent variables 

3. Use Reduction formula and  Bernoulli’s formula techniques to Evaluate integral 

values 

Prerequisites: 

Students should have a strong foundation in algebra and pre-calculus 

Websites For Learning All About Calculus: 

1. Calculus-help.com 

2. Calculus Made Easier 

3. Calculus Reference 

4.   Calculus.org 

5. CalculusQuest 

6. Dan the Tutor 

7. e-Calculus 

8. Graphics for the Calculus Classroom 

10. The History Of Calculus 

11. S.O.S. Math - Calculus 

12. Visual Calculus 

 

 

 

 



         

   Partial differentiation 

Introduction 

Earlier we had studied the differentiation of one function of one variable. We shall 

now consider the differentiation of function of two or more independent variable with respect 

to an independent variable. 

Let f(x,y) be the function of two variable x and y. Suppose we let only x vary while 

keeping y fixed say y=k, where k is a constant. The partial derivative of  f  with respect to x 

and denoted by 
f

dx


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Similarly we can define the partial derivative of f(x,y) with respect to y 
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Higher derivatives 

If f is a function of two variables then its partial derivatives fx, and  fy   are function of 

two variables. So that we consider their partial derivatives , ,xx yx yyf f and f  which are called 

second order partial derivatives If z=f(x,y), we use the following notations 
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Thus notation xyf or 
2 f

y x



 
means we first differentiate f  with  respect to x and then with respect to 

y. whereas, in computing yxf  the order is reversed. 

 

 



 

Homogenous Function 

A function of f(x,y) of two independent variables x and y is said to be Homogenous 

function in x and y of degree n if f(tx,ty) =tnf(x,y) for any positive quantity t where t is 

independent of x and y 

Example  

suppose 
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f(x,y) is a homogenous function of degree 2 in x and y 

Euler’s Theorem on homogenous functions 

 If f is a homogenous function of degree n in x and y then  

f f
x nf

x y

 
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 
 

Example  

 If u=(x-y)(y-z)(z-x) show that 0
u u u

x y z

  
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  
 

Solution 
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Example  

If 
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Solution 
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From (1)  and   (2)        
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youtube link: 

https://www.youtube.com/watch?v=6tQTRlbkbc8 

https://www.youtube.com/watch?v=8ZAucbZscNA 

https://www.youtube.com/watch?v=AXqhWeUEtQU 

 

Assignment 

1. If 
2 2

2 2
( cos sin ), 0x z z

z e x y y y show that
x y

 
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Total differentials 

  Suppose z=f(x,y) is a differential function of x and y where  x =g(t) and y=h(t) are 

both differential of t. then z is a differential function of t and total differential coefficient of z 

is given by 

. .
dz z dx z dy

dt x dt y dt

 
 
 

 

In general if u is a function of x1, x2, x3, ….. xn  and each xi  is a function of n variable               

t1, t2, t3, ….. tn    and  if  ( 1,2,3,... )
i

du
i n

dt
 exist then 
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Example 1: 

If 2 2 3 2, , 1z x y x t y t     Find 
dz

dt
 

Solution  
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Example 2: 

If  2 21 , ,t tu x y x te y e      Find 
dz

dt
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Example 3: 

If  2 2 2 , , sin cost t tu x y z x e y e t and z e t        Find 
dz

dt
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Example 4: 

Find 
dz

dt
   if   3 4 2 2 3 4, ,u x y z where x t y t z t     
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youtube link 

https://www.youtube.com/watch?v=iN3_5g0A_u8 

https://www.youtube.com/watch?v=regif6yP6pQ 

https://www.youtube.com/watch?v=41iIxeFfufA 

 

Assignment 

1. If  2 43 , sintu x y xy where x e y t     Find 
dz

dt
 

2. Find 
dz

dt
   3 26 3 2 , costz x xy y where x e y t      

3. Find 
du

dt
   2 3 2sin , cos , 1 tu xy z where x t y t z e      

 

 

 

 

 

 

 

 



 

JACOBIANS 

If  u,v are function of two variable x and y then the Jacobian is defined by the 

determinant 
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If  u,v,w are function of three variable  x,y and z then the Jacobian is defined by the 

determinant 
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Example 1 

If    
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Example 2  

If  
( , )

cos sin
( , )
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Example 3 

If   
2
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youtube link 

https://www.youtube.com/watch?v=CbJDIMqTZdU 

https://www.youtube.com/watch?v=YlpTkYjUbb8 

Assignment 

1. If   
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( , )
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x y u y uv find

u v
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2. If   
( , )

( , )

u v
u v x and u v y find

x y


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3. 
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, ,
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u v w
u x v x y w x y z find

x y z


     


 

4. 
( , , )
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Maxima and Minima of functions of 2 and 3 independent variables 

 The first and second derivatives of a function of one variable can be used to derivative 

its maxima and minima. Similarly the first order and second order partial derivatives can be 

used to determine maxima and minima of a function of two variables. 

 Let f(x,y)be any function of two variables x and y, supposed to be continuous for all 

values of these  variable in the neighbourhood of their values a and b respectively. 

 We say that f(x,y) has a maximum value at f(a,b), if   f(a,b)> (a+h, b+k) 

For  all sufficiently small independent values of h and k, positive or negative. On the other 

hand f(a,b) is said to be a minimum  value of  f(x,y), if   f(a,b)< (a+h, b+k) for  all 

sufficiently small independent values of h and k, positive or negative. 

Theorem  

The necessary conditions for the existence of a maxima and minima of f(x,y) at x=a and y=b 

are fx(a,b)=0 and fy(a,b)=0 where fx(a,b) and fy(a,b) respectively denotes the values of  

f

x




and 

f

y




 at x=a and y=b 

Note 

The above conditions are necessary but not sufficient for the existence of a  maxima and minima of 

f(x,y) at (a,b). such points (a,b) for which fx(a,b)=0 and fy(a,b)=0 are known as critical points or 

stationary points.  

Theorem  

Let fx(a,b)=0 and fy(a,b)=0 

Let r=fxx(a,b)=0 ,s= fyx(a,b)=0  and t= fyy(a,b) 

Then (i)  if (rt-s2)>0 and r>0, f(x,y) is minimum at (a,b) 

          (ii) if (rt-s2)>0 and r,0, f(x,y) is maxnimum at (a,b) 

          (iii)  if (rt-s2)<0   f(x,y) is neither maximum nor minimum at (a,b) 

And   (iv) if (rt-s2)=0 the case is doubtful. 

 

 

 

 

 



 

Example 

Find the maximum and minimum values of 2 2 4 4( , ) 2( )f x y x y x y     

Solution 
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For maximum or minimum values  
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0, 1 0, 1
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 The points for maxima or minima are (0,0), (0,1),  (0,-1),  (1,0), (-1,0),  (1,1), (-1,-1). 

At (0,0) ,(1,1), (-1,-1), rt-s2<0  and therefore these points are saddle points. 

At (0,1) and (0,-1),  rt-s2>0  and r >0 

The function is minimum at (0,1) and (0,-1) 

The minimum value = -1 

At (1,0) and (-1,0),  rt-s2 >0  and r<0 

The function is maximum at (1,0) and (-1,0) 

The maximum value =1 

 

 

 

 



Methods of Lagrange’s Multipliers 

Example 1 

Find the maxima and minima if any of the functions
2 2( , ) 12 3 16f x y xy y x subject to x y      

Solution 
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528

x y

x y

x y

x y

y

y

when y x

is anexteremum po

f

   

   

 

 





 



  



 

(0,16) is a point satisfying the constraint 

x+y=16 

f(0,16)= -3(256)= -768 

f(9,7)>f(0,16) 



the function f(x,y) is a maximum at (9,7) and the maximum value is 528 

Example 2 

 A rectangular box without a lid is to be made from 12m3  of cardboard. Find the 

volume of such a box. 

Solution 

Let x,y,z be the dimensions of the box and g(x,y,z) =12 

V=xyz 

Consider the function  

( , , ) ( , , ) ( , , )

( 2 2 12)

( 2 )

( 2 )

(2 2 )

( 2 2 12)

0, 0, 0, 0

( 2 ) ..................(1)

( 2 ) .................

F x y z V x y z g x y z

xyz xy yz zx

F
yz y z

x

F
zx x z

y

F
xy y x

z

F
xy yz zx

F F F F

x y z

yz y z

zx x z



















 

    


  




  




  




    



   
   

   

 

  ...(2)

(2 2 ) ...................(3)

2 2 12 .................(4)

(1) , (2) , (3)

( 2 ) ..................(5)

( 2 ) ....................(6)

(2 2 ) ................

xy x y

xy yz zx

Multiply by x by y by z

xyz xy xz

xyz xy yz

xyz xz yz









 

  

 

 

 

2 2 2

2

2

...(7)

0 0

0

(5) (6)

2 2

(sin 0)

(6) (7) 2

2

(4) 4 4 4 12

12 12

1

we can easily note that for

x y z

from and

xy xz yz xy

x y ce z

from and we get y z

x y z

from z z z

z

z

  

  

  

 



 

  





 



Since x,y,z are positive and z=1 we get x=2, y=2 

The maximum volume is 2(2)(1)=4m3 

 

Assignment 

(i)   find the maxima and minima of the function 2 2( , ) 3 4 2 21f x y x y xy if x y      

(ii)  find the extreme values of the function 2 2 2( , ) 1f x y x y onthecircle x y     

(iii) Using Lagrange’s multipliers method find the maximum and minimum values of 

2 2 2 2( , ) 1f x y x y subject to x y     

 

youtube link 

https://www.youtube.com/watch?v=GoyeNUaSW08 

https://www.youtube.com/watch?v=N_CyeSqqYs4 

https://www.youtube.com/watch?v=vD2pflgcA6w 

 

 



Curvature  The rate of bending of a curve in any interval is called the curvature of the curve in that interval 

Curvature of a circle The curvature of a circle at any point on it equals the reciprocal of its radius.  

Radius of curvature  The radius of curvature of a curve at any point on it is defined as the reciprocal of the 

curvature  

Cartesian form of radius of curvature

 

  
{  (

  

  
)
 
}

 
 ⁄

   

    

Parametric equation of radius of curvature 
 

  
         

 
 ⁄

            

Implicit form of radius of curvature   =
(      )

 
 ⁄

              
               

Centre of curvature  

The circle which touches the curve at P and whose radius is equal to the radius of curvature and its centre is 

known as centre of curvature.  

Equation of circle of curvature     ̅       ̅      

Centre of curvature      ̅    
  

  
     

       &     ̅    
 

  
     

              

Envelope  A curve which touches each member of a family of curves is called envelope of that family 

curves.  

Envelope of a family of curves  The locus of the ultimate points of intersection of consecutive members of 

a family of curve is called the envelope of the family of curves.  

Unit 2 



Property:1  The normal at any point of a curve is a tangent to its evolute touching at the corresponding centre 

of curvature. 

Property:2 The difference between the radii of curvature at two points of a curve is equal to the length of the 

arc of the evolute between the two corresponding points. 

  at x=0 

Ans:   
     

  
 

 ⁄

  
 

y=   

y1=    at x= 0 y1=1 

y2=    at x= 0 y2=1 

  
     

  
 

 ⁄

  
 =   

     
 

 ⁄

 
 =2√  

2. Find the radius of curvature of at x = 
 

 
 on the curve y = 4 sin x – sin 2x 

Ans:   
     

  
 

 ⁄

  
 

y1=4 cosx – 2 cos 2x  at x= 
 

 
 y1=2 

y2=                at x = 
 

 
 y2=-4 

  
     

  
 

 ⁄

  
 =   

     
 

 ⁄

  
 =

 √ 

 
 

Property:3 The envelope of a family of curves touches at each of its point. The corresponding member of 

that family.  

Evolute as the envelope of normals The normals to a curve form a family of straight lines.we know that the 

envelope of the family of these normals is the locus of the ultimate points of intersection of consecutive 

normals.but the centre of curvature  of a curve is also the point of consecutive normals.hence the envelope of 

the normals and the locus of the centres of curvature are the same that is ,the evolute of a curve is the 

envelope of the normals of the curve 

1. Find the radius of curvature of y= 



3. Given the coordinates of the centre of curvature  of the curve is given as  ̅   2a +3at
2     ̅   -2at

3
 

Determine the evolute  of the curve  

Ans:   ̅   2a +3at
2              

t
2
=( ̅    

  ⁄ )------------ 1 

  ̅   -2at
3 

 t
3
=  ̅         ------------ 2 

( ̅    
  ⁄ )

3
 = ( ̅     2 

4(  ̅-2a)
3
=27a ̅2 

The locus of the centre of curvature (evolute) is   4(x-2a)
3
=27a 2 

Solution: Given  Am
2
+Bm+C=0……………………(1) 

Differentiate (1) partially w.r.t. ‘m’ 

                        2Am+B=0       m=-B/2A………….(2) 

Substitute (2) in (1) we get  

    A(-B/2A)
2
+B(-B/2A)+C=0 

 AB
2
/4A

2
-B

2
/2A+C=0 

      AB
2
-2AB

2
+4A

2
C=0 

 - AB
2
+4A

2
C=0    

  Therefore B
2
-4AC=0 which is the required envelope. 

Solution: Radius of curvature   
(    

 )
 

 ⁄

  
 

Given y=x
2
   y1=

  

  
 =2x 

        Y2 = 
   

    =2 

4.  Write the envelope of Am
2
+Bm+C=0, where m is the parameter and A,B and C are functions of 

x and y. 

5. Find the radius of curvature at any point of the curve y=x
2
. 



            
(       )

 
 ⁄

 
 

=
(     )

 
 ⁄

 
 

Solution:  Given x sin   + y cos   = p……………. (1) 

Differentiate (1) partially w.r.t. ‘ ’ 

X cos - y sin   = o………………….(2) 

Eliminate   between (1) and (2) 

X cos  = y sin              

     

     
 

 

 
        

Tan  = 
 

 
  

Sin   
 

√     
 cos   

 

√     
  

Substitute in (1) 

x. 
 

√     
 + y. 

 

√     
 = p 

√      = p 

 Squaring on both sides, x
2
 +y

2
=p

2
 which is the required envelope  

Solution: Given x
2
 +y

2 
 - 4x-6y+10=0 

The given equation is of the form x
2
 +y

2 
+2gx+2fy+c =0 

7. What is the curvature of  x
2
 +y

2 
 - 4x-6y+10=0 at any point on it . 

6.  Find the envelope of the family of straight lines x sin   + y cos   = p,  being the parameter.  



Here 2g =-4 g=-2 

2f =-6 f=-3 

Centre  C(2,3), radius r =√        

r=√       

=√  

Curvature of the circle = 
 

 
 

There fore  Curvature of  x
2
 +y

2 
 - 4x-6y+10=0 is  

 

√ 
 

8. Find the envelope of the family of straight lines y= mx √  

Solution:  Given y= mx √     

(y-mx)
2
=m

2
-1  

Y
2
+m

2
x

2
 – 2mxy-m

2
+1=0 

m
2
 (x

2
-1)-2mxy+y

2
+1=0 which is quadratic in ‘m’ 

Here,A=x
2
-1  B=-2xy  C=y

2
+1  

The condition is B
2
-4AC=0 

4 x
2
y

2
-4(x

2
-1)(y

2
+1)=0 

4 x
2
y

2
-4 x

2
y

2
-4x

2
+4y

2
+4=0 

X
2
-y

2
=4 which is the required envelope 

Solution:  Given 2x
2
 +2y

2 
 +5x-2y+1=0    

÷2  x
2
 +y

2 
 +5/2x-y+1/2=0    

  , where m is the parameter 

9. Find the curvature of the curve 2x
2
 +2y

2 
 +5x-2y+1=0   



Here 2g =5/2 g=5/4 

2f=-1  f=-1/2  centre  C (-5/4,1/2)  radius  r= √        

     =√
  

  
 

 

 
 

 

 
 

     =√
  

  
=
√  

 
  

Therefore  Curvature of the circle  2x
2
 +2y

2 
 +5x-2y+1=0   is 

 

 
 

 

√  
 

Solution: The rate at which the plane curve has turned at a point (rate of bending of a curve  is called the 

curvature of a curve. The curvature of a straight line is zero. 

Solution:  Given  X
2
 +y

2 
- 6x+4y+6=0 

The given equation is of the form x
2
 +y

2 
+2gx+2fy+c =0 

Here 2g =-6 g=-3 

2f =4 f=2 

Centre C(3,-2), radius r =√        

10. Define the curvature of a plane curve and what the curvature of a straight line.  



r=√      

=√  

Radius of Curvature of the circle = radius of the circle=√  

Solution:  Given   (x- )
2
+y

2
=4   

X
2
-2 x+

2
-4 +y

2
=0 

2
-2 (x+2)+x

2
+y

2
=0 which is quadratic in   

The condition is B
2
-4AC=0 

Here A=1  B=-2 (x+2) C= x
2
+y

2 

4(x+2)
2
-4(x

2
+y

2
)=0 

x
2
-4x+4- x

2
-y

2
=0 

y
2
+4x=4   which is the required envelope. 

 

 

Solution:  Given   y=mx+
 

 
 

m
2
x-my+a=0  which is quadratic in ‘m’ 

The condition is B
2
-4AC=0 

Here A=x B=-y   C=a 

Y
2
-4ax=0 

 for different values of ‘m’. 

11. Find the envelope of the family of circles (x- )
2
+y

2
=4 ,where  is the parameter. 

12. Find the envelope of the family of straight lines y=mx+



 

 

Solution:  Given   
 

 
+yt=2c 

Yt
2
-2ct+x=0 which is quadratic in ‘t’ 

The condition is B
2
-4AC=0 

Here A=y  B=-2c C=x 

C
2
-xy=0 

There fore xy=c
2
  which is the required envelope. 

Solution:  Radius of curvature   
(    

 )
 

 ⁄

  
 

Given  y=c cosh(x/c) and the curve crosses the y-axis. (i.e.)x=0 implies y=c. 

Therefore the point of intersection  is (0,c) 

  

  
=c cos h(x/c)(1/c)=cos h (x/c) 

  

  
(0,c)=cos 0=1 

   

   =cos h(x/c)(1/c) 

   

   (0,c)=1/c 

  
     

 
 ⁄

 
=c2√  

+yt=2c,where ‘t’ is the parameter. 

There fore y
2
=4ax  which is the required envelope. 

13. Find the envelope of the line 

14. Find the radius of curvature of the curve y=c cosh(x/c)at the point where it crosses the y-axis.  

 

15. Find the radius of curvature of the curve xy=c
2
at (c,c). 



Solution:  Radius of curvature   
(    

 )
 

 ⁄

  
 

Given xy=c
2
 

  

  
=x

  

  
+y=0 

  

  
=-

 

 
 implies 

  

  
(c,c)=-1 

   

   
=-[

 
  

  
    

  
] 

   

   (c,c)= =-[
       

  ]  
  

   
 

 
 

  
         

 
 ⁄

 
 ⁄

 
  √ 

 
 

 

           on the curve  
 

 ⁄   
 

 ⁄   
 

 ⁄

Solution:      Given  x=       ……………………(1) 

                Y=       …………………..(2) 

Differentiate (1) and (2) w.r.t    

 
  

  
                              

  

  
                           

. 

   √   

Find the radius of curvature at the point      



  

  
 

  
  

⁄

  
  ⁄

 
           

            
       

   

   
=

 

  
(
  

  
)  

 

  
        

  

  
 

=-sec
2  

 

              

 

   

   =
 

              
 

Radius of curvature   
{  (

  

  
)
 
}

 
 ⁄

   

   

 

           =
(       )

 
 ⁄

 

           

                   
 

 ⁄  

=3a sin                       

             

         

     

Solution: Radius of curvature   
{  (

  

  
)
 
}

 
 ⁄

   

   

 

    Given            

     
 

      

   
 

Differentiate w.r.t. ‘x’ 

2y
  

  
 

     (       ) (      )    

      
 

  

  
 

                           

        
 

  

  
       

                    

 
   

 at the point (-a,0). Find the radius of curvature of the curve  



   

{  (
  
  

)
 

}

 
 ⁄

   
   

 

  

  
 

       

            
 

 

            
   

   

   
 

            [        ( 
  
  

)          ]         [    
  

    
  
  

      
  

]

             
 

   

   
       

                

            
 

   

  
 

 

 
 

   
{   }

 
 ⁄

 
 

 
 

 
 

       

Solution: Radius of curvature   
{  (

  

  
)
 
}

 
 ⁄

   

   

 

Given           

Differentiate w.r.t.’x’ 

2xy
  

  
+y

2
.1=-3x

2
      

  

  
 

       

   
………………(1) 

                                   
  

  
      

      

    
   

Therefore   
{  (

  

  
)
 
}

 
 ⁄

   

   

 

       
  

  
 

   

       
           

 
  

  
      

    

      
   

. Find the radius of curvature at the point (a,0)on the curve   



Differentiate (2) w.r.t.’y’.  

 
   

    
 [(       )(      

  

  
)   (   

  

  
   )]

          
         

 
   

   
      

 [(      )       ]

         
 

    

   
 

  

  
 

Therefore radius of curvature   
{  (

  

  
)
 
}

 
 ⁄

   

   

 
{   }

 
 ⁄

  
  ⁄

 
  

 
  

   
 

 
  (since the radius of curvature is non-negative) 

Solution: Radius of curvature   
{  (

  

  
)
 
}

 
 ⁄

   

   

 

Given; y
2
=4x  

Differentiate w.r.t.’x’ 

2y 
  

  
 = 4 

  

  
 =2/y 

  

  
      

 

 
   

Therefore   
{  (

  

  
)
 
}

 
 ⁄

   

   

 

       
  

  
 

 

 
           

  

  
        

Differentiate (1) w.r.t.’y’. 

   Find the curvature of the parabola y
2
=4x at the vertex. 



   

   
 

 

 
 

Therefore   
{   }

 
 ⁄

   
=2 

Curvature K=1/   =1/2 

Solution; Let (x1,y1) be the point on the curve at which the tangent makes an angle 45
0
 with the X- axis. 

  

  
(x1,y1) =Tan 45

o
=1-------------------------------- (1) 

Given 27ay
2
= 4x

3
 

Differentiate w.r.t.’x’ 

54ay
  

  
=12x

2
   

  

  
=

   

   
 

  

  
(x1,y1) =

  

  
=

   
 

    
-----------------------------------(2) 

  

  
(x1,y1) =Tan 45

o
=1= 

   
 

    
  

Gives    
   

 

  
-----------------------------(3) 

As ( x1,y1) lies on the curve  27ay
2

1= 4x
3

1 ---------------------------------(4) 

Using    
   

 

  
 gives x1= 3a  

And using (3)  gives y1= 2a 

Y1 at (3a,2a)= 1 

Y2= 
 

  
[
          

  
] 

Find the radius of curvature of the curve 27ay
2
= 4x

3
 at the point where the tangent of the curve 

            makes an angle 45
0
 with the X- axis. 



Y2= 
 

  
[
             

   ]=1/6a 

Therefore radius of curvature   
     

  
 

 ⁄

  
 

     
 

 ⁄

 
  ⁄

 

                                                          √  



 

 
 

 

 
                 

Solution: Given that 
 

 
 

 

 
  …………………(1) 

                         And          ……………..(2) 

Differentiate (1)and(2) w.r.t ‘b’ 

  

  

  

  
 

 

  
  ………………..(3) 

2a
  

  
+2b=0…………………………(4) 

(3)gives 
  

  
  

   

   
……………..(5) 

(4)gives
  

  
 

  

 
……………………(6) 

From (5)and (6)      
  

 
  

   

   
 

                          
 

   
 

   
 

 ⁄

   
 

 ⁄

   
 
 

 
 

 

 

      
 

   

 

  
 

 

  
   

 

  
 

 

  
 

       
 

 ⁄              
 

 ⁄  

Substitute in (2) we get,      
 

 ⁄       
 

 ⁄     

                  Therefore         
 

 ⁄   
 

 ⁄    
 

 ⁄  which is the required envelope. 

Solution: The equation of circle of curvature is     ̅       ̅      

Where,    ̅    
  

  
     

        

.    Find the equation of the envelope of 

 Find the equation of circle of curvature of the parabola y2=12x at the point (3,6). 



  ̅    
 

  
     

              

  
     

  
 

 ⁄

  
 

Given     y
2
=12x 

Differentiate w.r.t.’x’ we get 

2y
  

  
=12 implies 

  

  
 

 

 
 

Y1=
  

  
(3,6)=1       

   

    
  

    
  

  
  

Y2=
   

   (3,6)=-1/6 

  
     

  
 

 ⁄

  
 

     
 

 ⁄

  
 ⁄

    √  

    √   (  can not be negative) 

  ̅    
  

  

     
   

     =3 
 

  
 ⁄
         

  ̅    
 

  

     
     

 

  
 ⁄
         

Therefore,the equation of circle of curvature is                    

Solution: Radius of curvature    
         

 
 ⁄

           
 

Given                     

 Find the radius of curvature at ‘t’ on x=e
t
cost,y=e

t
sint. 



X’=
  

  
                             

Y’=
  

   
                             

X’’=
   

   
                                       

Y’’=
   

   
                                       

   The radius of curvature is   
         

 
 ⁄

           
 

  
 [             ]  [             ]  

 
 ⁄

                                              
 

=
    [                                           ] 

 
 ⁄

    [                             ]
 

(    )
 

 ⁄

     √    

    √   . 



 

 
 

 

 
   where l and m are connected by 

 

 
 

 

 

Solution:  Given that 
 

 
 

 

 
  ………………..(1) 

                   
 

 
 

 

 
  …………………(2) 

Differentiating  (1) w.r.t.’m’ 

 (
  

  
)

  

  
  (

  

  
)    

  

  
 

    

   …….(3) 

Differentiating  (2) w.r.t.’m’ 

 

 

  

  
 

 

 
   

                                                                               
  

  
 

  

 
…………..(4) 

From (3) and (4)  

    

   
 

  

 
 

  

  
 

  

  
 

 
 
 
 

 

 
 
 
 

 

 
  

 
 

 
 

 
 
 

   

  

     
  

  
     √     √   substitute in equation (2) , 

 Find the envelope of 

 

   and a,b are constants. 



√  

 
 

√  

 
   

 √
 

 
 √

 

 
   which is the required envelope. 

 

Solution: Given      …………….(1) 

Let, P (a,b) be the point on the curve       at where     √  

  
     

  
 

 ⁄

  
 

Differentiate (1) w.r.t. ‘x’ 

Y1=2y
  

  
   

  

  
 

 

 
  

  

  
      

 

 
 

Y2=
   

     
 

  

  

  
 

   

   
       

 

  
 

  
     

  
 

 ⁄

  
 

      
 

 ⁄

 
   √  

But,       
      

 
 ⁄

 
   √  

8     
 

 ⁄    √            

a+1=2 a=1,           

The points are (1,2),(1,-2) 

    at which the radius of curvature is 4 √ .         Find the points on the parabola  
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